Abstract. After reviewing the definition of the heavy quark-antiquark potential in pNRQCD, we discuss recent advances in the calculation.
DEFINITION
The potential between a heavy quark and antiquark has been one of the first quantities to be studied in QCD: it is a privileged object for exploring the interplay of perturbative and non-perturbative QCD and the set in of confinement, and it plays a central role in quarkonium physics [1] . Nowadays, the progress of perturbative and lattice calculations requires an accurate and rigorous definition of the potential in QCD, phenomenological and intuitive characterizations being no longer adequate.
So, what is the QCD potential between a quark and antiquark with a large mass m? One may first answer that the potential is the function V into the Schrödinger equation describing the quark-antiquark bound state φ :
p being the momentum of the quark-antiquark pair in the centre-of-mass system and E its binding energy. Clearly, if Eq. (1) comes from a systematic expansion of QCD, it arises from at least a double expansion in p/m or rm (r being the inter-quark distance) and in E r. Hence, rather than Eq.
(1), we may expect that the QCD expansion would lead to
where the . . . stand both for terms suppressed in the non-relativistic expansion in p/m or rm and for terms suppressed in E r, sometimes referred to as retardation effects (an example is the Lamb-shift). The above double expansion becomes an expansion in the heavy-quark velocity v once we note that in a non-relativistic system 1/r ∼ p ∼ mv, and E ∼ mv 2 , with v ≪ In order to disentangle the different scales, it is convenient to enforce an expansion in the ratios of low-energy scales over large-energy scales at the Lagrangian level; this corresponds to substituting QCD with low-energy Effective Field Theories (EFTs) [2] . The ultimate EFT that follows from QCD by integrating out all energy scales but mv 2 is potential NRQCD (pNRQCD). The general form of the Lagrangian density of pNRQCD is
where S stands for a color-singlet quarkonium field, µ is the cut-off of the EFT, and "ultrasoft contributions" include all degrees of freedom which are ultrasoft (they may be gluons, or light quarks or other degrees of freedom). The ultrasoft contributions are typically suppressed with respect to the part of the pNRQCD Lagrangian displayed in Eq. (3). Hence, the equation of motion of the color-singlet quarkonium field is exactly Eq. (2) and we may identify V (0) (r, µ) +V (1) (r, µ)/m + . . . with the heavy-quark potential.
In summary, EFTs provide the following definition of the potential: the potential is a Wilson coefficient of the EFT obtained by integrating out all degrees of freedom but the ultrasoft ones, it undergoes renormalization, develops a scale dependence and satisfies renormalization group equations, which eventually allow to resum potentially large logarithms.
THE PERTURBATIVE POTENTIAL
We consider the static potential
s . This is obtained by integrating out soft gluons from static QCD. Soft gluons are those associated with the scale 1/r. At short distances, 1/r ≫ Λ QCD , soft gluons may be calculated in perturbation theory. If also the ultrasoft scale, i.e. the potential itself, is larger than Λ QCD , then, besides the color-singlet quarkonium field, ultrasoft degrees of freedom include ultrasoft gluons and the coloroctet quarkonium field. The matching leading QCD to pNRQCD may be done in perturbation theory, see The matching fixes the potential and the other Wilson coefficients of the EFT. The matching condition for the singlet static potential reads
where the box stands for the static Wilson loop of dimension r × T , V
o for the static octet potential, V A for the electric-dipole matching coefficient, E for the chromoelectric field and N c = 3 for the number of colors. The left-hand side of Eq. (4) is known at two loops [3, 4, 5, 6] . At three loops the static Wilson loop contains a term proportional to α 4 s /r × ln α s , which has been calculated in [7, 8] .
In order to determine the matching coefficients V o has been calculated up to two loops by matching it to a static Wilson loop with color matrices in the initial and final states [9] . This gives rise to a matching condition similar to Eq. (4) [8] :
The matching for V A is described in Fig. 4 ; it gives The last ingredient needed in order to calculate Eq. (4) is the chromoelectric correlator Tr(E(t) · E(0)) , where Wilson lines connecting the chromoelectric fields are understood. This has been calculated at order α s in [10] .
Since the static Wilson loop is fully known at two loops, the matching condition (4) provides the static singlet potential at two loops. Moreover, since the static Wilson loop is independent of µ, the right hand-side of Eq. (4) should also be µ-independent. Therefore, the logarithmic dependence of the static potential may be extracted by noting that the ln rµ, ln 2 rµ, ... terms in V (0) s have to cancel against the ln(V (0)) . This leads to a great simplification in the calculation of the logarithmic dependence of the static potential: the logarithmic contribution at N 3 LO and the single logarithmic contribution at N 4 LO may be extracted respectively from a one-loop and two-loop calculation in the EFT. Finally, we note that the solutions of the renormalization group equations allow the calculation and resummation of all logarithmic contributions of a given type (e.g. leading logarithms of the type α 3 s × (α s ln µr) n , next-to-leading logarithms of the type α 4 s × (α s ln µr) n and so on).
The presently most accurately known fixed-order expression of the static singlet potential is
where 
The coefficient a 1 was calculated in [11] , the coefficient a 2 in [3, 4, 5, 6] , the term proportional to α 4 s /r × ln rµ in [7, 8] , the coefficient a L2 4 in [12, 13] and the coefficient a L 4 in [13] . The coefficientsã 3 andã 4 are only partially known (see [13] for discussion and references). The leading logarithmic contributions have been resummed to all orders in [12] .
Expression (7) shows explicitly the Wilson coefficient nature of the static potential. It shows a scale dependence, which comes from the renormalization, and it satisfies renormalization group equations, which allow to resum potentially large ln rµ terms. Also large contributions of the renormalon type may be analyzed in the EFT framework.
By summing Eq. (7) to the ultrasoft contributions we get back the static Wilson loop, i.e. the energy between two static sources in QCD. This reads
This quantity may be compared with the short-distance behaviour of the static Wilson loop provided by lattice calculations, see for instance [14, 15] .
THE NON-PERTURBATIVE POTENTIAL
At large distances, 1/r ∼ Λ QCD , due to confinement, ultrasoft effective degrees of freedom may only be colorless objects. If Goldstone bosons are neglected, the colorsinglet quarkonium field S turns out to be the only dynamical degree of freedom at scales lower than Λ QCD [8] . The static singlet potential is then simply given by
A recent lattice determination is shown in Fig. 5 . Recently, and for the first time, the leading relativistic correction to the static potential has been calculated on the lattice. The existence of a possibly large non-perturbative 1/m potential, V (1) s , was first pointed out in [17] . V 
The corresponding lattice determination is shown in Fig. 6 . (14), from [18] .
Note that, in accordance to power counting arguments, in the long-range, the 1/m potential may be as large as the static potential and contribute with it to the leadingorder potential [17] .
By the same collaboration, spin-dependent 1/m 2 potentials have been calculated on the lattice with unprecedented precision. Expressions for the spin-dependent potentials in terms of static Wilson loops and field-strength insertions have been derived in [19, 20] . These have been used to obtain the lattice results shown in Fig. 7 . In the long range, the spin-orbit potentials show, for the first time, deviations from the flux-tube picture of chromoelectric confinement. Since a fully consistent renormalization of the EFT operators is still missing in the lattice analysis, it may be premature to draw any definitive conclusion. However, progress has been made recently in this direction. In [21] , the non-perturbative renormalization of the chromomagnetic operator in the Heavy Quark Effective Theory, which crucially enters in all spin-dependent potentials, has been performed for the first time. A proper operator renormalization is also crucial in order to verify an exact relation among the spin-dependent potentials required by Lorentz invariance [22, 23] , which was checked in [16] at the few percent level.
CONCLUSIONS
Non-relativistic EFTs provide a rigorous definition of the potential between a heavy quark and antiquark (see [24] for systems made by two or three heavy quarks). In the perturbative regime, the potential is a key ingredient for precision calculations of several threshold observables. In the non-perturbative regime, it can be calculated on the lattice; the corresponding EFT, pNRQCD, may provide lattice studies with an alternative to more traditional EFTs with heavy quarks, like NRQCD.
